The general connection between the renormalization of elementary fields and couplings and of appropriate composite operators is discussed. A general method is presented for computing the anomalous dimension matrix of the lagrangian composite operators, to all orders in perturbation theory, in terms of the elementary beta functions and anomalous dimensions. The trace anomaly for a general field theory is determined.
Introduction
Although the trace anomaly has been worked out in specific field theories, and a connection between the conventional renormalization group (RG) parameters and certain operator anomalous dimensions seems to be folklore, a precise and general formulation appears to be lacking. In this paper we relate the RG parameters of an arbitrary field theory to the anomalous dimension matrix of the lagrangian composite operators.
We begin by recalling standard techniques [ 1, 2 ] for expressing the Green functions of the lagrangian composite operators in terms of Green functions of the elementary fields alone. This correspondence is displayed for a general field theory, and allows the computation of the divergences of the operator insertions in terms of the conventional RG parameters. The result is a simple recipe for calculating, to all orders in perturbation theory, the anomalous dimensions of the lagrangian operators in terms of the ordinary beta functions and anomalous dimensions.
These anomalous dimensions are of interest for several reasons. The lagrangian operators can of course appear in various operator product expansions; their anomalous dimensions control the effective scale dependence of the associated coefficient functions. In addition, the anomalous trace of the energy-momentum tensor (EMT) is necessarily built up out of those operators appearing in the lagrangian. Understanding the general relation between the operator renormalization matrix and the conventional RG parameters allows us to determine the trace anomaly for an arbitrary field theory. This computation is presented in section 3, along with some remarks concerning multiplicatively renormalized and renormalization group-invariant operators, and the Callan-Symanzik equation.
Renormalization of the lagrangian composite operators
Throughout this paper shall we employ dimensional regularization, following the conventions of ref.
[3].
We consider a generic theory of a set of fields {~,} in do (continued to do-2e) spacetime dimensions. These may be scalar, spinor or gauge fields, under certain caveats to be detailed below. The lagrangian consists of suitable kinetic operators K,~ and a number of interaction terms Vi, with couplings denoted gi. The vertex term Vi containsp~ powers of the field 0,~ or its derivative, and the couplings are assumed for simplicity to be dimensionless; mass terms or other dimensionful couplings are easily incorporated into the analysis. Now, following e.g. the presentation of ref. [ 2 ] we can obtain functional differential equations relating the generating functionals of 1PI Green functions with a single zero-momentum insertion of K,~ or Vi to the generating functional of elementary 1PI Green func- Although these equations may be straightforwardly obtained using the (nonperturbative) techniques of ref. [2 ] , we can understand them easily in terms of Feynman graphs. In eq. (2.1), the insertion of K, essentially counts the number of 0~ lines in the graph at a given order of perturbation theory. This is achieved by the second term on the RHS of (2.1) (the factor ½ is to avoid double counting, since each internal line connects two vertices); the first term removes the insertions from external lines. For the vertex operators the insertion simply counts the number of elementary vertices of the appropriate type.
Let us demonstrate how eqs. (2.1) and (2.2) may be used to calculate the operator anomalous dimensions in a specific example. We consider the massless scalar 0 3 theory in six (continued to 6-2e) spacetime dimensions, specified by the lagrangian
This theory is fairly sick, but is a useful toy. We denote the lagrangian operators by K---½(0u0) 2 and V-(g/3!)0 3, and make the general remark that for a renormalizable theory the set oflagrangian operators at zero momentum is closed under renormalization ~1 We begin by writing the effective action as an expansion in powers of (0u0): Eqs. (2.7) and (2.9) then allow us to express the requirement that the RHS of (2.6) be finite as a matrix equation:
where
A particular choice for the matrix of constants appearing on the RHS of (2.10) is a choice of renormalization prescription for the operator counterterms. We choose the 2×2 unit matrix, so that, trivially, Z= W. We note that the elements of W can generally be read off quite simply from the lagrangian. We shall return to exploit this below.
In dimensional regularization the operator anomalous dimensions are determined by the simple poles in the Zab (see ref.
[3] ): fl=g ~gg(l) , ~)= _ lg g(l), (2, 14) we thus arrive at the anomalous dimension matrix:
The application of this type of analysis to non-abelian gauge theories deserves some additional comment, as there are certain subtleties associated with the renormalization of composite operators in these theories. Briefly stated, the renormalization ofgaugeinvariant operators requires the introduction of gauge-noninvariant counterterms. Furthermore, the computation of the anomalous dimensions of gaugeinvariant operators requires that this noninvariant mixing be included in general [ 1, 4] . This will typically make the computation of the renormalization matrix prohibitively difficult (because the number of gauge-noninvariant operators whose mixing must be considered is usually huge) unless certain tricks are employed. The simplest of these tricks is to quantize the theory in the background field (BF) gauge [5] . In this formalism the gauge invariance of the theory is essentially manifest and no such noninvariant mixing occurs.
This was the procedure used in ref. [ 2 ] to compute the anomalous dimension of the operator FZ-l~a l~a~ =--u~--. The residual gauge invariance allows the effective action to be expressed as a gauge-invariant functional of the gauge fields only; this is a much stronger constraint on the structure of the counterterms than the usual BRST invariance alone. We emphasize here that this issue is purely one of calculational convenience. The analysis of ref. [ 2 ] could be pushed through in a covariant gauge, but various other operators would have to be included (including e.g., ghost operators [ 1, 4] ). By working in BF gauge, we avoid these complications; operator renorrealization in gauge theory is then not particularly different from any other field theory, and the above techniques may be applied directly.
As a simple application of the above results, let us now compute the trace and determinant of the anomalous dimension matrix for our arbitrary theory. The trace turns out to have a pleasant expression in terms of the beta functions alone.
From eq. (2.1) we find that each kinetic operator K= contributes to Z a diagonal term Z~ given by This result holds for arbitrary theories of scalars, fermions, and gauge fields, with the understanding that BF gauge is to be employed. The determinant of F is also readily computed. As we shall see below, there always exist linear combinations of the lagrangian operators, closely related to the equations of motion, which are finite and so have zero anomalous dimension. The existence of zero eigenvalues ofF implies det F= 0.
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Multiplicatively renormalized operators and the trace anomaly
We can also search for linear combinations of the lagrangian operators which are multiplicatively renormalized or RG-invariant. For instance, it is easy to check that the operator (2K-3 V) in the 03 theory has zero anomalous dimension. At zero momentum this object is related to the equation of motion for ¢; more precisely " ~iSe (3.10) 2K-3V= d6xO(x) S0(x) (after an integration by parts ), where 5g is the action. The finiteness of this operator follows from the fact that it is essentially the canonical trace of the EMT. To construct the corresponding operators for the general theory, we expand eqs. (2.1) and (2.2) in powers of the fields 0,~. This gives relations between the 1PI n,-point functions:
where F < "p> stands for 1 '(n''n2,). Eqs. ( 3.2 ) and ( 3.3 )
combine to yield e.g.
Now, since the RHS of (3.4) is made finite by elementary wavefunction and coupling renormalizations alone, the LHS must be made finite by these as well. Thus these combinations of operators are not renormalized. At zero momentum these operators are essentially the equations of motion for the fields ~. We expect that there will be one other RG-invariant operator, namely the anomalous trace of the EMT. That this object should be invariant follows from the general properties of conserved currents: these must satisfy the nonlinear commutation relations of the associated symmetry group so that their normalization is fixed. For the ¢~ theory is it simple to verify that the combination
O=-2y[K]+(37-fl)[V]
(3.5) satisfies/t 00/0/~=0 ~2. Here the square brackets denote renormalized composite operators, defined by [(ga]=Zgb 1 (9 o (see eq. (2.6)). This is indeed the correct trace anomaly for this theory, as may be ver-~2 It is also easy to check that this is the only other RG-invariant linear combination of the lagrangian operators in the theory.
ified by explicitly constructing the EMT and taking its trace.
In fact, we can perform this computation for the general theory almost as easily. We begin with the standard Noether expression for the EMT [ 6 ] :
Note that although the zero-momentum insertions of O~ are finite (after wavefunction and coupling constant renormalization), its constituents can be divergent. Taking the trace of (3.6), with g,,,gU"=do-2e, we obtain
The term proportional to ¢ is the anomaly: • gi] (3.14)
For the ¢6 a theory this is precisely eq. (3.5).
As another example, consider pure SU(N) gauge theory. The lagrangian has the schematic form
We can disregard the gauge-fixing and ghost operators by considering only on-shell amplitudes. Now, in BF gauge/~ and 7 are related through 7= fl/g, so that each term in the lagrangian gets a factor -2p/g. Thus # O""'=+ ~g iF21, which is the correct result for on-shell insertions [ 7 ] . (Actually there is a slight difference between our Noether EMT and the EMT which occurs in ref. [ 7 ] . However, the extra terms may be shown to make no contribution to the anomaly [ 8 ] . )
Note that in general certain dimension do operators do survive at a RG fixed point but that by eq.
( 3.4 ) these operators are finite. It should perhaps be emphasized that eq. (3.14) holds for zero-momentum insertions of O "" only. In some cases, however, it may be extended to arbitrary momentum transfer. This is possible if the same set of lagrangian operators considered at q = 0 also forms a closed set of operators under renormalization for q ~ 0. This has been established for gauge theories [ 7 ] , but is not true in general. For example, in the 063 theory the operator (0 020) mixes with Kand Vat q¢ 0.
(This operator differs from K only by a total divergence and so may be disregarded for q=0. ) Hence it may appear in the trace anomaly at nonzero momentum.
We conclude with a remark concerning the relevance of the trace anomaly to the study of the scale dependence of renormalized field theories. Making use of the renormalized versions of eqs. 
